It is explicitly shown that the solution of the integral equation for the inverse of the form factor or the Padé approximant method to resum the one loop Chiral Perturbation Theory (CPTH) are equivalent to the standard vector meson dominance (VMD) models using the vector meson coupling to two pseudoscalars given by the KSRF relation. Inconsistencies between the one loop CPTH and its unitarised version for the vector pion form factor and the related P-wave ππ scattering are pointed out. The situation is better for the CPTH calculation of the scalar form factor and the related S-wave ππ scattering. The branching ratios of τ → π + π 0 ν, τ → Kπν, τ → K + ην and τ → K +K 0 ν using only two inputs as the ρ and K * masses, or the two corresponding rms radii, agree with the experimental data. Applications to the Next Linear Colliders and Large Hadron Collider physics are also discussed.
Introduction
The hypothesis of Vector Meson Dominance (VMD) [1] has proved to be an useful and convenient concept in low energy hadronic physics. It enables us to describe many low energy phenomena, below 1 GeV scale, in a compact and convenient language, although not always correct. An apparently different method was based on the dispersion relation approach which was the main activities of the soft hadronic physics in the fifties. It was soon realised to some authors that the VMD model can conveniently be used to describe the more complicated dispersive approach.
A more recent approach to these problems with a different goal was based on the Chiral Perturbation Theory (CPTH) pioneered by Lehmann [2] , Weinberg [3] and others [4, 5] . In the Lehmann's approach, the unitarity relation of the S-matrix was taken into account, while in that of Weinberg, this question was ignored giving place to the more systematic approach of the perturbation theory in which the unitarity relation is only satisfied perturbatively i.e. order by order. Most recent theoretical publications in this field follow the ideas of Weinberg (CPTH) ; there are few publications where chiral symmetry and unitarity are taken into account following the same line as first suggested by Lehmann (UCPTH) . The elastic unitarity relation, which should be a good approximation in the energy region where the inelastic effects are negligible, can be taken into account by using the inverse amplitude method or more straightforwardly, by resumming the one loop perturbation theory by the Padé method [2, 6, 7, 8, 9] . This procedure enables us to extend the perturbation theory to incorporate resonance or bound state phenomena.
In the late fifties, the problem of the validity of the perturbation theory for strong processes was questioned, but this issue has been ignored in recent numerous studies of CPTH, apparently either by assuming that the strong interaction involved was not sufficiently strong to invalidate the perturbative approach or that the CPTH was effectively a power series expansion in momentum which could evade the unitarity constraint.
In this paper, we first want to point out some novel theoretical inconsistencies between CPTH and UCPTH in the vector pion form factor calculations; the same observation is also valid for the P-wave ππ elastic scattering. It is our feeling that, not only because the Breit Wigner form cannot be expanded in a convergent power series of momenta, because of this inconsistency, even with higher order loop calculation, CPTH will remain as a low energy perturbative theory and cannot handle resonance or bound state problems which are strong points of the UCPTH approach. We then point out, however, that this problem is not serious in the CPTH calculation of the low energy I=0 S-wave form factor or the related elastic S-wave ππ scattering. We then show that UCPTH automatically leads to the usual vector meson dominance model (VMD) for the single channel process, when the inelastic effect is taken into account. UCPTH calculation for the vector form factor contains less parameters than the usual VMD model because the KSRF relation [10] , expressing the strong vector meson coupling to the two pseudoscalars in terms of the vector meson mass and the pion decay constant f π , is a direct consequence of this approach. As an application of the UCPTH method, we show that the branching ratios of τ → Vector Mesons ν agree reasonably well with the experimental data using only inputs as the ρ and K * masses or alternatively the corresponding rms radii ( which the usual CPTH cannot be used or is wrong, being too low, by a factor of 10 to 50). The branching ratios of τ → K + ην and τ → K +K 0 ν are however smaller than the observed branching ratio by a factor of 2.
In a more recent paper on the study of the isovector form factors [6] , it was shown that the question of the unitarity must be respected in order to describe in a simple manner the low energy pion physics with or without resonances. It was explicitly pointed out that two approaches could be used: a) One could use the standard CPTH but after having done the one loop perturbative calculation, one must resum the series by the Padé method in order to satisfy the elastic unitarity relation [2, 6, 7, 8, 9] . (Other applications of the Padé method in physics have been shown to be successful [11] , but we give here the reason why it should be); b) one could write the dispersion relation of the inverse of the form factors or the scattering amplitudes and then solve the resulting integral equation without violating the unitarity relation [6, 12] . Both methods yield the same result and give rise to the well-known KSRF relation for the width of the vector meson [10] . It was implicitly shown that these two methods are equivalent to the VMD model [6, 13, 14] using the ρππ coupling as given by the KSRF relation [10] . In this paper we want to point out the equivalence between the VMD models and the Padé and the inverse amplitude methods for the vector ππ, KK, πK and ηK form factors. They involve the same number of parameters as those used in the one loop CPTH method but yield a much more significantly improved prediction due to the respect of the constraint of the unitarity (by a factor of more than 50 in the πK form factors squared) [6, 13, 14] .
We also want to study approximately the inelastic effect of the KK states on the pion form factor, the inelastic effect of the ηK intermediate state on the πK form factors.
We comment on the πK and ηK and KK form factors using the simplest form of the Padé approximant method. Within the validity of the approximation scheme, the two pseudoscalar contribution does not influence the elastic unitarity calculation. A more correct approach, using the coupled two-channel unitarity calculation, will be done in the future.
The unitarity relation for the form factor would require that its phase must be that of the corresponding strong interaction, if the inelastic effect was unimportant in the physical region of interest [15] . For the vector and scalar pion form factors, this region is below 0.9 GeV 2 . Hence the phase of the vector pion form factor should have a phase of 90 0 at 770 MeV, the ρ vector meson mass, and similarly, the πK vector form factor has a phase of 90 0 at the K * mass. Throughout this article and in the UCPTH approach, we have to rely on this phase theorem to check our approximation scheme. Nowhere in the standard CPTH calculations, this point was explicitly raised.
The plan of this paper is organised as follows: In section 2 we give a detailed calculation of the vector pion form factor by perturbation method and also by the non perturbative inverse amplitude method where the elastic unitarity is satisfied. We compare the two methods and point out the energy region where the perturbation method breaks down.
In section 3 the scalar form factor is calculated also by two methods. We then point out that the perturbation method is better here. In section 4, the equivalence between the UCPTH and the VMD is shown. Section 5 is devoted to the calculation of the tau decay into two pseudoscalars. Section 6 deals with the contribution from the left hand cut of the strong amplitude. In section 7 we discuss the physics at future colliders, in the scenario of a strongly interacting Higgs sector; we also discuss the Higgs physics in the presence of a possible fourth generation of fermions.
Calculation of the Vector Pion Form Factor
We begin first by recalling the main features of the vector pion form factor calculation using CPTH [4, 5] . Let us define the vector pion form factor as:
where s is the momentum transfer squared s = (p 1 + p 2 ) 2 and V (0) = 1. The effective chiral Lagrangian that we shall use to calculate the strong interaction is given by:
where
and D µ is the covariant derivative containing the photon field, φ j are the pseudoscalar fields, F is the pseudoscalar decay constant in the chiral limit; m = (m u , m d , m s ) diag is the quark mass matrix,
In this section we consider first the SU(2) limit. Using the dimensional regularisation scheme, the one loop CPTH result is:
where s is the the momentum transfer, α r 9 is one of the renormalized constants defined by Gasser and Leutwyler [4] , f π =93 MeV, the experimental value of the pion decay constant, and
fors > 4m 2 π ; for other values of s, H ππ (s) can be obtained by analytic continuation. The µ-dependence of the chiral logarithm term plays the same role as the cut-off parameter in the Pauli-Villars regularisation and reflects the fact that we deal with a perturbative divergent integral. This µ-dependence must be eliminated and the calculated pion form factor should only then be expressed in terms of physically measurable quantities. This can be done by normalising the calculated form factor to one experimental value of the form factor; other values of the form factor is then predicted by the perturbative calculation. Because CPTH is effectively a low energy expansion, this point should be chosen in the energy region where the expansion is valid, i.e. at low energy; for our problem, the r.m.s radius of the vector pion form factor can suitably be used for this purpose.
Our discussion here differs from the conventional CPTH approach where the µ dependence enters both in the evaluation of both rms radius and the calculable pion form factor. They are both of the order O(p 4 ) where p is the pion momentum. Here we have to eliminate the µ dependence using the measured rms value of the pion, then the calculable real part of the pion form factor behaves at low energy as s 2 , but its imaginary part is O(s). This mismatch of the order between the real and imaginary parts is due to the perturbative approach. Using the definition V
As explained above, the real part of the sum of the last two terms on the R.H.S of Eq.
(7) behaves at low energy as s 2 .
The Muskhelishvilli-Omnès integral equation [16] with the elastic unitarity condition for the vector pion form factor reads:
where δ 1 is the P wave ππ phase shift and we have made 2 subtractions in the dispersion relation. The solution for this equation is well-known [16] and can also be obtained perturbatively by an infinite iteration of the integral equation:
where P n (s) is the polynomial ambiguity, normalising to unity at s=0 and could represent physically uncalculable higher energy inelastic effects. We shall assume at the moment that P n (s) = 1 in the physical region of interest. As can be seen, the phase theorem due to the unitarity of the S-matrix, requiring the phase of the pion form factor to be equal to that of the strong P-wave ππ phase shifts is automatically satisfied. The CPTH solution,
Eq. (7), is the once iterated solution of the integral equation Eq. (8) and is therefore inadequate when the phase δ 1 is large. This perturbative result can be seen by setting V(s) on the integral of Eq. (9) to be unity and f tree 1
This problem was discussed in reference [6] .
In order to compute the pion form factor, we can either use the experimental P-wave phase shift δ 1 or the calculated δ 1 phase shifts (obtained from the construction of a unitarised P-wave amplitude) in Eq. (9) .
To see the effect of the exact solution of the integral equation, let us observe that the Pwave ππ phase shifts passing through 90 0 at the ρ mass, hence we approximate the P-wave phase shifts δ by πθ(s − s ρ ), i.e. the zero width approximation for the ρ resonance; the exact solution obtained from Eq. (9) is therefore s ρ /(s ρ − s). It is clear from this example that we should develop a power series expansion for the inverse of the form factor if we wanted to incorporate the low energy property of CPTH and at the same time a possible resonant behavior. This was exactly done in reference [6] because the inverse amplitude has a nice property that the elastic unitarity relation for the ππ → ππ partial wave is automatically satisfied. The non-relativistic limit of this expansion was done a long time ago and is known as the "effective range theory" [18] ; it is a momentum power series expansion of kcotδ which preserves automatically the unitarity of the S-matrix. This is so because the unitarity of the partial wave f enables us to write f (k) = exp(iδ)sinδ)/k = 1/(k−ikcotδ) , where k is the c.o.m. momentum, hence the power series expansion in kcotδ is a expansion of the inverse of the amplitude. This type of expansion enables us to handle very well the low energy bound state (triplet S-wave) and the resonance (singlet S-wave) of the low energy nucleon-nucleon scattering. ( Unfortunately, standard explanations of the low energy effective range theory do not emphasize the question of unitarity of the S-matrix which is much more important than the potential shape dependence of the expansion).
As applied to the form factor problem, to the extent that the discontinuity of the left hand cut for the partial wave amplitude can be neglected or that it is a slowly varying function, the pion form factor can straightforwardly be obtained by considering the integral equation for the inverse form factor amplitude [6] . This result is equivalent to resum the perturbation series using the infinite bubble summation of the pion loops.
Before doing this approximation, it is useful to carry out the exact formulation of the solution of the inverse of the form factor in terms of the discontinuity of the strong amplitude on the left hand cut. Because the form factor has a cut from 4m 2 π to infinity, so does its inverse, apart from the contribution coming from the zeros of the form factor which we assume to be absent here. The inverse of the form factor V −1 (s) satisfies also the same analytic property, hence we can write a dispersion relation for it. Using the elastic unitarity condition, we have:
From the general property of the analytic function, the partial wave amplitude f 1 (s) = e iδ 1 sinδ 1 /ρ(s) where ρ(s) = 1 − 4m 2 π /s, f 1 (s) can always be written as the product of the 2 cuts, the right hand cut or the unitarity cut and the left hand cut due to the exchanged contributions: f 1 (s) = N(s)/D(s). Because we use the hypothesis of the elastic unitarity, the right hand cut function D −1 (s) has the same phase representation as given by Eq. (9) with the normalisation D −1 (0) = 1 and where we set P n (s) = 1. Hence we can
Eq. (10) can now be rewritten as:
This equation expresses the pion vector form factor in terms of the N function of the elastic P-wave ππ scattering amplitude instead of the P-wave phase shift δ 1 as given by Eq. (9) . For the following purpose of calculation, Eq. (11) is more convenient. As mentioned above the function N(s) involves a dispersion integral of the discontinuity of the partial wave amplitude across the left hand cut. Because of the normalisation of the function D(0) = 1 and that the Weinberg low energy theorem is operative at low energy for the elastic ππ scattering amplitude, we can write the N function for the P-wave as:
Eq. (11) and this equation are still exact. It provides an alternative solution to that given by Eq. (9) on how to construct the solution of the form factor problem when the dynamics of the strong interaction is known. We now discuss an approximate scheme for Eq. (11).
To calculate the form factor V(s) in Eq. (11) we must know the function N(s) for s > 4m 2 π . In this energy range, the contribution from the ImN(s) is small because the denominator in Eq. (12) never vanishes. Hence we approximate N(s) by the first term on the R.H.S. of Eq. (12), i. e. we neglect the contribution from ImN(s) or equivalently to use the Weinberg low energy theorem for ππ scattering [19] . The approximation scheme is therefore to start initially with the Weinberg low energy theorem for the partial wave amplitude, then this result can be improved by correcting for the deviation of the Weinberg theorem at higher energy. The form factor V(s) can now be written as:
The problem of ππ scattering that was done in the approximation where the contribution of the left hand cut can be neglected, was done a long time ago by Brown and Goble [20] . The more exact calculation with the contribution of the left hand cut was done by
Lehmann where the real part of the logarithm terms due to the right and left hand cuts cancel each other out in the chiral limit. While this calculation is more exact, there is practically no difference between the two results. Our calculation for the form factor does require the existence of the logarithm due to the contribution of the unitarity cut, but it should have no left hand cut contribution. The above discussion gives a justification for the approximation done by Brown and Goble [20] . In fact Eq. (13) is exactly the inverse of the D-function which is the same as the Omnès function given by Eq. (9).
Later in this article, we shall make a pole approximation for the N-function with the condition that the low energy theorem for the strong scattering amplitude is respected to study the dependence of the form factor (and also the strong P-wave elastic amplitude) in this approximation. This study is an abstraction of the study of the linear sigma model with or without fermions.
In this section, we limit ourself to the approximation where the discontinuity of the left hand cut can be neglected in order to make a connection of our calculation scheme with the perturbation series and also with the large number of flavor N f expansion scheme.
Objections can be raised against this approximation because of the large violation of the crossing symmetry which we were taught back 30 years ago to be an important property of the field theory. This opinion is certainly correct, but calculations done at that period were without the constraints of chiral symmetry, i.e. without having the low energy theorems which can be used to write subtracted dispersion relations. Subtracted dispersion relations are important because we want to suppress the high energy contributions which are difficult to calculate. With the use of the low energy chiral theorems in dispersion relations, the crossing symmetry difficulties are minimized as the scale of the physical problem at low energy is fixed by the low energy theorems.
Let us now come back to our approximation scheme Eq. (13) . Because the vector r.m.s.
radius is positive, the vector form factor has a resonant character; its width satisfies the KSRF relation [10] . The relation between the resonant ρ mass squared s ρ and s R 1 is:
Eq. (13) can also be derived by using the Padé approximant method:
where V tree refers to the tree amplitude which is equal to unity and V 1−loop refers to the one loop amplitude, i.e. the last two terms on the R.H.S. of Eq. (7). The Padé approximant method yields the same result as that given by Eq. (13) which satisfies the elastic unitarity relation. In Eq. (14), we can either use s R 1 or s ρ as an input parameter. If the r.m.s. radius was used then one would predict the ρ mass and width which can be seen to satisfy the KSRF relation [10] :
where we have neglected the finite width correction [21] . In terms of the g ρππ coupling constant, we have:
where g ρππ is defined at s = s ρ . Using the experimental value m ρ = 0.77GeV , the uncorrected width of the vector meson ρ is 0.141 GeV. Including the finite width correction [21] , the ρ-width is defined as (
where the sign ′ denotes the first derivative of cotδ 1 with respect to s. The KSRF relation with the finite width correction yields Γ ρ = 155MeV which is very close to the experimental value of 151.5 ± 1.5MeV .
If one used s ρ as an input parameter then one would predict the ρ width by the KSRF relation [10] and the r.m.s. radius of the pion. Because the experimental data on the ρ mass is much more accurate than the experimental value of the r.m.s. radius, it is the ρ mass that we should use. The calculated r.m.s. radius is < r
compared with the experimental value < r 2 V >= 0.439 ± 0.008f m 2 [22] . The theoretical value is therefore too low. This difficulty is related to the fact that the calculated ρ peak is too low (see below).
The phase and modulus squared of the pion form factor calculated by the CPTH, Eq. (7), and by UCPTH, Eqs. (13, 15) , are shown on Figs (1) and (2) . Although they both agree well with each other at low very momentum transfer, the high energy experiment data are much better represented by the UCPTH calculation than the CPTH calculation.
Experiences with the analytic functions show that a small difference between two analytic functions in one region can be greatly amplified in another region. This explains why the form factor calculated in both CPTH and UCPTH have the same value and radius at s=0, but have completely different behavior around the ρ resonant region. The UCPTH calculation has the ρ resonance character while that from CPTH does not.
It is useful to ask the question on what goes wrong with Eq. (7) ? For this purpose, as noted above, the last term in Eq. (7) has a different low s behavior for the real and imaginary parts: at small s, its real part behaves as s 2 while its imaginary parts, in the chiral limit, behaves as s. This mismatch between the small s behavior of the real and imaginary parts is due to the perturbative approach which results in a violation of the phase theorem. In order to restore this theorem, even at low energy, the next order term in the imaginary part has to be included in the perturbation calculation as pointed out in ref. [6] and will be discussed later in the scalar form factor calculation. This problem does not exist in UCPTH approach as can be seen from Eq. (13) .
From the discussion of the previous paragraph, we are led to the study of the O(s 2 ) term in Eq. (7) and that in Eq. (13) . Although they are numerically very small at low values of s, because we are interested in extending the region of the validity of the perturbation theory to near the ρ resonant region, we are led to examine the consistency of the CPTH approach compared with the UCPTH calculation.
From Eq. (13), it is seen that the perturbative approach of Eq. (7) leaves out, at low energy, a term (s/s R 1 ) 2 which should be compared with the real part of the last term in Eq. (7) because they are both of the same order in s. The perturbative approach is only justified if the last term is much larger than the former. Let us now define the parameter R V defined as the ratio of (s/s R 1 ) 2 over the real part of the last term on the R.H.S. of Eq. (7) :
In Fig.(3) the ratio R V is plotted as a function of s. It is seen that R V is much larger than unity instead of being much less than unity in order to guarantee the validity of the perturbation theory. As we shall show below the situation is very different in the calculation of the scalar form factor.
Hope has been expressed by supporters of CPTH that by including higher order terms one could generate the Breit-Wigner form. We have a strong doubt about this possibility.
Our feeling is based on the experimental fact that there is very little inelastic effect below 1 GeV in the form factor so that higher loop effect cannot be important in the ρ resonance region.
In Fig. (4) we plot the modulus of the pion form factor calculated by the UCPTH compared with the sum of the first four terms of the Taylor series expansion of the UCPTH calculation. It is seen that, at low energy, the first four terms are a good approximation for the experimental data but we cannot make the the Breit Wigner form i.e. to make the high energy curve to turn down. This illustrates the problem of the non convergence of the perturbation series for the amplitude; there is, however, no difficulty in generating the Breit Wigner form by expanding the inverse amplitude as a Taylor's series of momenta.
Our remark here is a relativistic generalisation of the Bethe's "effective range theory" to handle the resonance and bound state in the two nucleon system [18] .
Calculation of the Scalar Form Factor
Similarly to the calculation of the vector pion form factor, we can now calculate the isoscalar scalar form factor S(s) defined as:
where s = (p 1 + p 2 ) 2 . After introducing the scalar r.m.s. radius using the definition:
< r 2 S >= 1/s R 2 to eliminate the scale dependent µ, the one-loop perturbative result for the scalar form factor is:
After unitarisation the UCPTH result for the scalar form factor is:
Similarly to the definition of R V , we can define R S , the ratio of the O(s 2 ) of the neglected term in CPTH with the calculated one:
In Fig. (3) the ratio R S is plotted against the energy squared. It is seen that R S is less than unity, although not much less than unity; hence, we are assured about the approximate validity of the perturbation theory. The reason for the difference with the vector form factor calculation is due to the coefficient of the chiral logarithm term being larger by a factor 6 in the scalar form factor. This fact explains the success of the one loop CPTH calculation in the S-wave ππ scattering ( this was done with the prescription that the phase shift is proportional to the real part of the partial wave amplitude in ππ elastic scattering [4] ; had the calculation was done with the definition tanφ = Imf /Ref the result would be very different).
It should be remarked that in the CPTH approach, the calculated phase of the form factor is not the same as the phase shift δ because the unitarity relation is not satisfied in the perturbative approach. In fact if we calculated the phase of the form factor in the CPTH approach, Eq. (19), we find out that:
to be compared with the phase calculated by the UCPTH method, Eq. (20):
In Fig.(5) the dashed curve is the result of the standard one loop CPTH using the same parameter as that of UCPTH Eq. (7). The phases of the scalar form factor calculated by CPTH and UCPTH, φ CP T H and φ CP T H are plotted against the energy squared. It is seen the phase of the form factor calculated by CPTH is in a much better agreement with the data than the vector case; the agreement between the UCPTH calculation and the experimental data is, however, better than the CPTH calculation. It is seen that these two phases are very different even at the threshold. Let us compute the limit s → 4m
for tanφ/ρ(s). From these two equations and use the definition for the scattering length a, the limit s → 4m 2 π of tanφ = (1/2) s − 4m 2 π a, we get:
and
For s R 2 = 0.56GeV 2 which agrees with the experimental scalar radius < r [7] . It is clear that the phase theorem for the form factor is violated in the CPTH method.
How can we rectify this situation for CPTH method? As we mentioned above, there is a mismatch between the real and imaginary part of our calculation. In the perturbative calculation, the real part of the form factor is calculated to the second order in s while its imaginary part is only calculated to the first order in s. In order to compute correctly, in the CPTH approach, the phase φ of the form factor given by tanφ = ImS/ReS, we must also calculate the imaginary part of the form factor to the second order in s, i.e. the two loop order for its imaginary part. More precisely, the perturbative unitarity relation for ImS including the two loop contribution is:
where S 1 and S 2 are, respectively, the first and the remaining terms on the right-hand side of Eq. (19); they represent the tree and the one loop amplitudes. Similarly f 1 and f 2 are the correponding elastic ππ scattering amplitudes. The calculated scattering length is now :
Using the value
25 from the one loop calculation for the I=0 ππ scattering amplitude [4, 7] , this Eq. yields a = 0.195m
π . This value is very close to the scattering length a = 0.20m
π obtained by CPTH method [4] for the elastic ππ scattering using the prescription that the phase shift δ is equal to real part of the calculated partial wave.
We see that by correcting for the low energy mismatch of the real and the imaginary parts we can get a reasonable agreement with the phase theorem. A small discrepancy between the new value of the scattering length, 0.195m
π , with that obtained from UCPTH approach, 0.23m
π , is due to the fact that R S given by Eq. (21) is not much less than unity.
UCPTH and Vector Meson Dominance
In the zero width approximation, the vector pion form factor can be written as:
where f 0 ρ and g 0 ρππ are, respectively, the photon-ρ coupling ( multiplying with e) and the strong ρππ coupling with f 0 ρ (0)g 0 ρππ (0)/m 2 ρ = 1. We now want to make a finite width correction to this Eq. by introducing the self energy correction for the ρ propagator.
Summing the geometric series for the ρ self energy and performing the mass and wavefunction renormalisations, we have:
with
where P stands for the principal part integration. The R.H.S of Eq. (30) (30), (31) with Eq. (13) we see that they have the same imaginary part and satisfy the same boundary condition and high energy behavior, hence they must be identical. In sum, we have the equivalence between the UCPTH and the VMD.
Generalisation to SU(3)
It is straightforward to generalise the CPTH and UCPTH to SU (3) . We have to calculate in addition, the KK contribution to the pion form factor. Similarly we calculate the πK vector form factors with the πK and ηK contributions and also the KK and ηK form factors. Because the scalar ηK form factor is negligible due to the small difference of the K and η masses; the scalar πK scalar form factor is previously well calculated, we refer the readers to the original calculation [13] . Because we later want to calculate the τ decay rate, let us now calculate the charge current (isovector) matrix element which we denote now by V ij , where i and j denote the pseudoscalars. The normalisation of V ij at zero momentum transfer is given by the Ademollo-Gatto theorem [24] . Using UCPTH, the π + π 0 form factor is given by:
where the subscripts in the function H refer to the intermediate states defining this function. Similarly we calculate the K + K 0 isovector vector form factor:
It should be noticed at this point that in the VMD calculation, the V π + π 0 (s) and V K +K 0 (s) should be equal and is given by the expression for V π + π 0 (s).
The problem of Kπ form factor is discussed in some details in reference [13] . 
where λ(s, m
can be expressed in terms of the logarithm function as was done in the references [5, 13] . In term of this function, we can write down now the expression for the K 0 π + and K + π 0 vector form factors: (36) and the Kη form factor is given by:
Strictly speaking, all above equations are derived not by the inverse amplitude method but rather by the Padé approximant method. It should also be mentioned that the K +K 0 and the K + η form factors cannot be calculated at their threshold values by CPTH technique because their thresholds are above the resonant masses.
The vector pion r.m.s. radius squared is calculated to be < r [26] . The agreement between the theory and the experimental data is not satisfactory (see below).
Including the inelastic effect due to the K +K 0 intermediate state in the pion form factor calculation, changes little the numerical result. In a more elaborate calculation [17] where the ππ phase shifts were calculated first which includes the left hand cut contribution to the partial wave strong ππ amplitudes and then compute the vector pion form factor using Eq. (9), there was very little change from the result of the present calculation. The contribution of the ωπ inelastic effect in the unitarity equation for the form factor is, however important [23] .
The effect of the left hand cut in the P-wave elastic amplitude is, however, more important in the Vector Kπ form factor calculation [13, 17] .
Application to Tau Decays i) Consequences of UCPTH Calculation:
Obviously CPTH cannot be used for calculations in τ decays except for a very small region of the phase space where the one-loop calculation is valid. In this region of the phase space, the CPTH results are the same as those obtained by the UCPTH, but the latter method has a much wider range of validity. Because UCPTH can handle resonance, we can use this method to calculate the τ hadronic decays. Let us now calculate the decay of the lepton τ into 2 pseudoscalars i and j. Let us define the ratio R ij of the rate of τ → P i P j ν to that of τ → eνν. Taking only into account of the vector form factor contribution, we have:
where θ c is the Cabbibo angle with sin 2 θ c = (0.222) 2 , s t is the square of the threshold energy and M is the τ lepton mass. Let us use the following notation R ij (ab) to denote the ratio R defined in Eq. (38) 
R ηK (πK, ηK) = 4.1.10
The experimental data are taken from the recent paper of the CLEO group[25] and the Particle Data Group [26] .
It is seen that our calculation for the ρ and K * decays are too small by 35% compared with the experimental rates. This is expected because we essentially use the threshold parameters, the r.m.s. radii as inputs to extrapolate to the resonance region which is far away.
Similarly the K +K 0 and K + η decays are too low by a factor of 2. (The finite width correction is very small for the K * : the KSRF relation gives Γ K * = 55.2 MeV and the finite width correction with πK loop gives 55.6 MeV and with πK and ηK loops give 53.4 MeV). The scalar form factor contribution to the above decay rates are small. Their maximum contribution is inR πK which amounts only to 3-4% of the calculated rate [13] .
ii) Phenomenological Approach: a) Other Inelastic Contributions: If we are willing to introduce more parameters in our calculation in order to fit the data on the top of the resonances and want only to predict the r.m.s. radii and the inelastic form factors K +K 0 and K + η, we can certainly do a better job. This can be done by using the polynomial in Eq. (9) which we have neglected so far. As we have discussed above, the neglected inelastic effect, for example the ωπ contribution [23] , can be represented by this phenomenological parametrisation.
Because on the top of the ρ resonance the peak value of the form factor is too low by 30%, we can set P n (s) = (1 + 0.15s/s ρ ) in order to have the correct peak value, and hence we multiply the right hand side of Eqs. (32) (33) (34) (35) (36) (37) by this factor.
The vector pion r.m.s. radius squared is now < r 2 V >= 0.46 ± 0.01f m 2 compared with the experimental value < r 2 V >= 0.439 ± .008f m 2 [22] . The vector Kπ r.m.s. radius squared is now < r 2 V >= 0.31±0.008f m 2 compared with the experimental value < r 2 V >= 0.34 ± .03f m 2 [26] . There is now a good agreement with the data.
The τ decay rates are now:
It is seen that the agreement with the data is much better which is not surprising because we do not have such a long range of energy to extrapolate from the resonant energy to the ηK and KK energy available in the τ decay.
Contribution of the Left Hand Cut of the Strong Amplitude to the Form Factor Problem
As stated above, we can phenomenologically introduce the left hand cut contribution to the N function in order to study the deviation from the large N f expansion or the neglect of the discontinuity of the left hand cut. We can for this purpose, write ImN(s) = Γδ(s+s p ) which requires the introduction of 2 unknown constants. Instead of studying the effects of these two constants, it is simpler to parametrize the function N(s) as:
where Λ is positive and much larger than 4m 2 π . From the linear sigma model calculation, to be discussed in section 8, we expect that Λ = 2 − 3m 2 σ and probably larger than the ρ mass. This parametrisation is similar to the effect of the m σ in the linear sigma model which plays the role of high energy cut-off. Using the expression for N(s) in Eq. (47), taking only the contribution of the ππ intermediate state and using the expression for N(s) in Eq. (11) we have the following expression for the vector pion form factor:
(48) with G(s) defined as:
where the functionH is defined by Eq. (34) which, for the equal masses case, can simply be expressed in terms of the function H ππ (s) as defined by Eq. (6)
As mentioned above Λ is approximately equal to 2 ∼ 3s σ , s σ is the σ mass squared of the linear sigma model. The following result shows that the calculated ρ width is only consistent with the experimental data if s σ is larger than 2Gev 2 . Low values of Λ makes the ρ width too small. In the following we give the calculated ρ width and the τ decay ratio R ππ in terms of Λ:
The agreement with the experimental data is better than in the case where Λ = ∞ for R ππ . For Λ less than 5GeV 2 , the ρ width becomes too small.
Physics at Future Colliders and the 4th Generation Problem
In previous sections, we have made calculations of the form factors using UCPTH method.
With a few parameters m ρ and m * K or the corresponding r.m.s. radii, we are able to predict a wide variety of physical consequences. We want now to reduce further the number of parameters to make our calculation becoming more predictive. For example, we want to predict the vector meson masses and widths in terms of f π and the number of colors of the underlying theory of Quantum Chromodynamics. Of course, this problem is not easy.
But as long as we do not want to have a very precise prediction, the situation is not at all that difficult. We are used to the perturbative approach which is quite inadequate for this type of question. UCPTH is on the other hand can be quite useful for this purpose. What we want to know is the gross feature of the theory, whether or not there is a resonance in the underlying theory, and if there is one what is its mass and width so that we can guide the planning of future experiments.
Let us discuss first the ππ or the related W L W L elastic scatterings. This problem was attempted a long time ago by Lehmann [2] for the ππ scattering problem. He calculated the O(p 4 ) contribution to the P-wave ππ amplitude using the Feynmann diagrams involving the nucleon loops. After the unitarisation of the one-loop CPTH calculation with the fermion loop contribution, the result for the P-wave amplitude shows a ρ resonance with the ρ mass given by: s ρ = 24π 2 f 2 π and its width satisfies the KSFR relation. The prediction for the ρ mass squared is a factor of 3 too large. Now we know that we have to treat the fermions as quarks, with the assumption that their effective masses are sufficient large so that the ρ mass is below the quark-antiquark production threshold. This fermionic O(p 4 ) contribution can be thought as the sum of all inelastic contributions to the ππ elastic scattering. It is clear then that we have to take into account of the number of colors N c which modifies the ρ mass according to the following formula: s ρ = 24π 2 f 2 π /N c ; this relation gives the ρ mass to be 0.825 GeV, in reasonable agreement with the data.
This type of calculation is needed to make a prediction of a model, for example the model of the strongly interacting Higgs of the standard model. If there are N f fermions heavier than the top quarks, following the same reasoning, these heavier fermions give rise to a vector meson resonance with a mass:
Its width satisfies the KSFR relation [10] :
where v = 246GeV , the vacuum expectation value of the scalar field. This type of calculation is only valid if the Higgs mass is much larger than the fermion masses and that the resonance mass occurs at an energy below the fermion-antifermion threshold.
In the large N c expansion, only fermion loops contribute [33] . In the calculation of the elastic ππ scattering, they give rise the O(p 4 ) terms and is crucial in producing the P-wave resonance in QCD calculation as mentioned above.
The large N f l contribution is obtained by noticing that the bosonic loop contribution in the direct s-channel is N f l compare with those from the cross-channel which is of the order of unity [28] . This expansion gives justification to the bubble infinite geometric series summation in the direct s-channel and the neglect of the contribution from the t and u channels. This method allows us to satisfy the unitarity relation in calculating the strong elastic amplitude, but the problem of crossing symmetry is not satisfied. Because the scale of the problem is already determined at low energy by the low energy chiral theorems, crossing symmetry leads only to some corrections coming from the contribution of the energy variation (due to the contribution of the left hand cut) but does not change significantly the main feature of the calculation. This same statement is also valid for the form factor calculation (see section 6).
In the large N f l method, the subtraction constants in the partial-wave remain undetermined, for example, the O(p 4 ) in the strong partial waves are undetermined. We must then rely on the large N c method to calculate them.
We propose here the combination of the large N c and the large N f l method as a tool in our calculation scheme where the unitarity of the S-matrix plays the important role.
We do not have here, however, a complete systematic procedure of the large N c and large
For the form factor problem, the vector r.m.s. radius of the pion can be calculated using the triangle fermion loop [34] . In the large N c limit the r.m.s. vector pion radius is given by 1/(6s R 1 ) with [34] . which is in agreement with the result obtained from the calculation of the P wave elastic scattering with the contribution from the fermion loops. Combining this result with unitarity Eq. (13), we predict the ρ mass to be 0.825 GeV and the ρ width satisfying the KSRF relation which are in a good agreement with the experimental data. Having found our QCD calculation is in agreement with the data, we have some confidences in proceeding ahead with the more difficult problems.
Our following discussion here could be useful for the Next Linear Collider and Large Hadron Collider physics. We can raise, for example, the following scenario: What are the physical consequences if there was a fourh generation of fermions heavier than the top quark where: a) the Higgs boson is very heavy compared with the fermion masses, b) the Higgs boson is moderately heavy but is much larger than the fermion masses and c) the Higgs boson mass is of comparable to the fermion masses? The answer to the first two cases is relatively simple, while that of the third is much more complicated. In order to proceed in these problems, we have to rely on the equivalence theorem which states that at high energy the problem of the gauge boson scattering is equivalent to the scattering of the longitudinal components of the W bosons which can be treated as Nambu-Goldstone bosons [27] .
In the following discussions, we restrict to the energy range below the threshold for the fermion-antifermion pair production. The role of the top quarks is assumed to be GeV and N f denotes now the number of fermion species [31] .
If N f becomes large, the P-wave resonance will appear at low energy with a narrower width, and hence the cross sections for e + e − → W + W − becomes large which makes the W + W − signal becomes large [29] . Had we started with the CPTH calculation, this cross section will not have the resonnant behaviour and is much smaller in the resonant region.
The usual argument to arrive at the large enhancement factor is based on the scaling of the QCD physics to the Technicolor scheme. As we have shown [31] , this enhancement factor is based on the fermion loop calculation which is quite general.
The enhancement factor squared at the peak is
, which, for QCD, is smaller by a factor of 2 compared with the more exact calculation, using the experimental mass of in the unitarised I=0 and I=2 S-wave amplitudes which invalidate our calculation [32] .
We believe that there are fundamental difficulties when the ratio m Let us now discuss the reliability of our prediction. This question is relevant because one or two orders of magnitude of difference between our method and that given by CPTH has significant consequences on the planning of future experiments on these expensive colliders. The confusion comes from some articles where the method K-matrix of unitarisation was used. As we mentioned previously, there are always uncertainties in the method of the unitarisation. But we always have to use a method which satisfies analyticity. The K-matrix method, as usually done, satisfies unitarity but not analyticity.
To see this let us construct a unitarised K-matrix out of the elastic P-wave tree amplitude f tree 1 (s). The K-matrix unitarised amplitude can be written as:
It is clear that Imf
hence the unitarity relation is satisfied.
What is wrong with the above equation is that it does not satisfy analyticity. This is so because f tree 1 is the partial wave projection of a Feynmann amplitude, hence it is an analytic function. The numerator of the right hand side of Eq. (8) is therefore analytic.
In order that f 
It can be seen that the imaginary part of this Eq. is exactly the same as that given by the denominator of the K-matrix, but what lacks in the K-matrix method is the dispersive part or Hilbert transform of its imaginary part. After correcting the K-martix, because of analyticity, we arrive at the well-known N/D method. In general the N/D or the inverse amplitude methods are constructed in such a way that analyticity is respected.
It is interesting to see concretely our argument of the violation of the analyticity in the K-matrix method by setting f tree 1
. Then the P-wave constructed from the K-matrix does not have a resonance behavior, unlike the results obtained using our method which we discuss in this article; it has instead a pair of complex conjugate poles near to the physical region which violate causality or analyticity [8] . Correcting for this error, we would arrive the same result as that given by our approach if the same boundary condition at low energy was imposed.
Conclusion
We have presented here the study of the form factor problem using the UCPTH approach.
The main feature of this method is that, at low energy, it coincides with that derives from the CPTH method. Because of the unitarity constraint, we are forced to rewrite the CPTH results as an infinite geometric series using either the inverse amplitude method or the Padé method. The former one is more general than the latter. In the simplest approximation to the one loop CPTH, both method yields the same result. They enable us to extend the analysis of CPTH to the resonant region and beyond without introducing more parameters.
On the top of the ρ and K * masses, our calculation on the magnitudes of the form factors are too low and only accurate to 15% in the amplitudes. The ρ width is correctly predicted within a few percents, while that of the K * is 10 % too high compared with the data. The r.m.s. radii are in agreement with the data. Extending our calculation to above 1 GeV, then the accuracy becomes worse. The τ to ρ and K * decay branching ratios are accurate to about 35% but the τ to K +K 0 and K + η are too low by a factor of 2.
In order to improve our predictions, we modify our UCPTH results which are obtained Morgan and M. Pennington [36] . The solid line curve is the result of the UCPTH, Eq. (13) ; the dashed curve is the result of the standard one loop CPTH using the same parameter as that of UCPTH Eq. (7) ; the dotted curve is that obtained by simulating the inelastic ωπ contribution [23] by multiplying the UCPTH result with the factor 1 + 0.15s/s ρ .
Fig.2 :
The phase of the vector pion form factor in degrees as a function of the energy squared s. The unitarity relation requires that it has the same phase as that of the strong P-wave ππ scattering. The experimental data for the P-wave phase shift are taken from [36] . The solid curve is the calculated phase of the pion form factor using UCPTH, Eq. (13); the dashed curve is calculated with the CPTH, Eq. (7) ; the inelastic effect due to the ωπ contribution does no affect the phase of the UCPTH form factor below the ωπ threshold. Pennington [36] . The solid line curve is the result of the UCPTH, Eq. (23) ; the dashed curve is the result of the standard one loop CPTH using the same parameter as that of UCPTH, Eq. (22). 
